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THE CALABI-YAU THEOREM AND KAHLER CURRENTS 


VALENTINO TOSATTI 

Dedicated to Professor S.-T. Yau on the occasion of his 65th birthday. 

Abstract. In this note we give an overview of some applications of 
the Calabi-Yau theorem to the construction of singular positive (1,1) 
currents on compact complex manifolds. We show how recent develop¬ 
ments allow us to give streamlined proofs of existing results, as well as 
new ones. 


1. Introduction 

The Calabi Conjecture [6], solved by S.-T. Yau in 1976 [H], says that 
on a compact Kahler manifold one can find Kahler metrics with prescribed 
Ricci form, equal to any given representative of the first Chern class of 
the manifold, and the solution is unique once we fix its cohomology class. 
Equivalently, one can find Kahler metrics with prescribed volume form and, 
when recast in this way, the Calabi-Yau Theorem is equivalent to saying that 
given a Kahler metric ui and a smooth function F with — l)w"' = 0, 

one can solve the complex Monge-Ampere equation 

(1.1) (uj + uj + ^/^dd(p > 0, sup(/9 = 0, 

and obtain a unique smooth solution (f. This result is one of the corner¬ 
stones of complex geometry, and it has found a myriad of applications, see 
e.g. [35]. In this note we discuss some of these applications to the construc¬ 
tion problem of singular closed positive currents on Kahler manifolds, where 
the basic technique is the “mass concentration” procedure of Demailly m- 
Roughly speaking, one solves a family of complex Monge-Ampere equations 
of the form (ll.ip where the right-hand side function F degenerates in the 
limit, and in certain cases one can prove that a sequence of solutions con¬ 
verges to the desired singular current. Constructing such currents is of great 
importance for applications to algebraic geometry, see e.g. [a 0 [ini na [B] 
and references therein. 

Very recently a new point of view on the mass concentration technique 
was discovered by Chiose [8], which greatly simplifies the picture. This was 
further explored by Xiao m and Popovici m- In this note we observe 
that these arguments can be easily modified to provide effective estimates. 
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For example, using the technique of Popovici [37], in Section [2] we prove the 
following: 


Theorem 1.1. Let (X"',co) be a compact Kdhler manifold, and a, (3 two 
closed real (1,1) forms whose cohomology classes are nef. Suppose also that 


Then we have 
(1.2) Vol(a 




A/? > 0. 


/ 3 )^ 


{fxa^ -nfxa^ ^ L/3)'^ 


> 0 . 


In particular, 

(1.3) Vo1(q: —/?) ^ f f a^~^/\j3. 

Jx Jx 


Here Vol denotes the volume of a (1,1) class, as defined by Boucksom 
|3|, namely Vo1(q!) is the supremum of fx(Tac)^ over all closed positive 
currents T in the class a, and Tac denotes the absolutely continuous part 
of T in its Lebesgue decomposition (and we are setting Vo1(q;) = 0 if a 
is not pseudoeffective). A conjecture of Boucksom-Demailly-Paun-Peternell 
|5l Conjecture lO.l(ii)] says that in fact we should have 

Vo1(q: — /3) ^ f a'^ — n f A fd. 

Jx Jx 

As a corollary of this result, we obtain a simpler proof of a result of 
Boucksom |3l Theorem 4.1]: 


Corollary 1.2 (Boucksom |3|). Let (A"',w) he a compact Kdhler manifold, 
and a a closed real (1,1) form whose cohomology class is nef, and with 
fxCi^ > 0. Then 

Vol(a) = [ Q^. 

Jx 

Indeed, Theorem o with /3 = 0 gives Vol(a) ^ reverse 

inequality is simple (see jS] Lemma 4.2]). 

Another application of this technique is Theorem 12.31 below, which we 
then use to simplify another theorem of Boucksom jS] Theorem 4.7]. We also 
briefly explain how Theorem 12.31 together a recent theorem of Collins and 
the author |10] provides another proof of Demailly-Paun’s Nakai-Moishezon 
criterion for Kahler manifolds m, and we use this to characterize the points 
where the Seshadri constant of a nef class vanishes. 

Furthermore, this technique also gives some results in the case when the 
manifold is not assumed to be Kahler. In this case the Calabi-Yau theorem 
is replaced by its Hermitian counterpart, proved by Weinkove and the author 
m (see also [aiTlEKITllSlEelETlIMlIIilliSI for earlier results and later 
developments, [I9l|20l|2ll|22l|3ni|36l|45l|46| for other Monge-Ampere type 
equations on non-Kahler manifolds, and m for a very recent Calabi-Yau 
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theorem for Gauduchon metrics on Hermitian manifolds). The key new 
difficulty is that now in general we have to modify the function F in (jl.ip 
by adding a constant to it, namely we obtain 

(1.4) (w + ^T^ddip)'^ = w + > 0, sup </? = 0, 

a: 

for a unique smooth function ip and unique constant 5 G R, and this causes 
trouble in the mass concentrating procedure. Nevertheless, recent advances 
towards a conjecture of Demailly-Paun were recently made by Chiose [8] 
and Nguyen [33] along these lines. In Section [3] we give an improvement 
of the main result of [l3| , which extends a theorem of Demailly m to the 
non-Kahler case: 

Theorem 1.3. Let X he a compact complex n-manifold with a closed real 
(1, l)-form a such that its class [a] G R) which is nef and big. Given 

any xi,..., xat G X and positive real numbers ti, ... ,tn with 

N 

(1.5) 

i=i 

there exists an a-plurisubharmonic function (p with 

(1.6) (p{z - Xj) ^ Tj log \Z - Xj\ + 0(1), 

in local coordinates near Xj, for all j = 1,... ,N. 

In |43] this result was conjectured to hold under the a priori weaker as¬ 
sumption that [a] is nef and a'^ > 0 (which however conjecturally implies 
that [a] is big, see Conjecture 13.41 belowj. The new observation we make is 
that if we assume that [a] is big then a weak transcendental Morse inequality 
of Demailly m can be used to control the constant b in (|1.4p and make the 
mass concentration procedure work. We end this note with a discussion of 
a conjecture of Demailly-Paun |16] . and explain some recent results related 
to this, using the techniques discussed above. 


Acknowledgements. The author would like to thank Professor S.-T. Yau 
for many useful conversations, and for his advice and support. He is also 
grateful to S.Boucksom, T.Collins, N.McCleerey, M.Paun, G.Szekelyhidi, 
B.Weinkove and X.Yang for helpful discussions. 

2. The Kahler case 

In this section we give the proof of Theorem II.1[ together with some 
other applications of the Calabi-Yau theorem to the construction of singular 
currents on Kahler manifolds. 

Let us start with some preliminary definitions. If Y is a compact complex 
n-manifold, a Hermitian metric cu on Y is called Gauduchon if dd{Lo'^~^) = 0. 
Such metrics always exist on any compact complex manifold [23|. If a is a 
smooth closed real (1,1) form on Y, then a. defines a Bott-Chern cohomology 
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class [a] E (the space of closed real (1,1) forms modulo 

exact ones). We say that the class [a] is nef if for every e > 0 there exists a 
smooth representative a + of [a] which satisfies a + ^ 

—ecu on X, where cu is any fixed Hermitian metric. 

If is just an upper semicontinuous function such that a + y /^ 
0 weakly as currents, then we will say that (p is a-plurisubharmonic. When¬ 
ever strict positivity holds, in the sense that a + yJ—ldOp ^ ecu for some 
e > 0, then we say that a -|- is a Kahler current, and the class [a] 

is called big whenever we can find such a Kahler current. 

We say that a closed real (1,1) current of the form T = a -\- y/—lddp 
has analytic singularities if there is some 5 E M>o and a coherent ideal sheaf 
X C Ox such that given any x E X there is an open neighborhood U of 
X and there are {/i,... ,/Ar} holomorphic functions on U, which generate 
X{U), such that 



holds on U, for some smooth function -0 on U. Demailly’s regularization 
theorem m shows that every closed real ( 1 , 1 ) current can be approximated 
by currents with analytic singularities, and with an arbitrarily small loss of 
positivity. 

If T has analytic singularities, and say T ^ 7 for some smooth form 7 , 
then the coherent ideal sheaf X which describes the singularities of T can 
be principalized thanks to a fundamental theorem of Hironaka [25]. This 
means that there exists a modification fi : X ^ X, which is a composition 
of blowups with smooth centers, and with X a compact complex manifold, 
such that pL~^X = 0^{—D), where D is an effective divisor on X. If X is 
Kahler, then so is X. Then we have 

p*T = e + [Ei 

where 0 is a smooth form with 9 ^ /r* 7 , and E is an effective M-divisor 
supported on D. We will call this procedure a resolution of the singularities 
of the current T. 

The starting point for our discussion is the following lemma by Lamari |28( 
Lemme 3.3], whose proof rests on the Hahn-Banach theorem (a technique 
invented by Sullivan [39]). For the reader’s convenience, we provide the 
simple proof. 

Lemma 2.1 (Lamari [28]). Let (X’^,a;) he a compact Hermitian manifold, 
and a a real (1,1) form on X. Given e ^ 0, there exists a current of the 
form T = a + with T ^ euj if and only if 

(2.1) f aAx^-^^e/" ujAx^~^, 

Jx Jx 

holds for all Gauduchon metrics x on X. 
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Proof. By replacing a with a — eoj, it is enough to consider the case e = 0. 
If there is a current T = a + ^/—Iddtp ^ 0 then clearly 

/ [ TAx'-'^O. 

Jx Jx 

Conversely assume that a A x"’~^ ^ 0 for 3.11 Gauduchon metrics x- 
If there exists a Gauduchon metric x such that a A = 0) then 
given any 5cl-closed real (n — l,n — I) form if let 

fit)= [ aA{{l-t)x^~^ + tif). 

Jx 

We have /(O) = 0 and for |t| small we can find a Gauduchon metric xt with 
x7~^ = (1 ~ (by simple linear algebra, cf. [3TI (4.8)]), hence 

f{t) ^0 thanks to our assumption. But clearly f{t) is a linear function of t, 
and so / = 0 and therefore J^aAf) = 0. Since was an arbitrary 59-closed 
real (n — 1, n — I) form, by duality we conclude that a = y/—lddip for some 
distribution y?, and this proves what we want (with T = 0). 

If on the other hand we have a A x’^~^ > 0 for all Gauduchon metrics 
X, consider the set H of all 9(9-closed real (re — l,n — 1) forms ■0 with 
aAijj = 0, which is a closed linear subspace of the space of real (re—1, re—I) 
forms. By assumption have that H is disjoint from the convex set U of 
strictly positive real (re — 1, re — 1) forms, and so we can separate H and U 
using the Hahn-Banach theorem, and obtain a real (1,1) current r which is 
strictly positive on U and vanishes on H. This implies that r ^ 0. For a 
given Gauduchon metric xo we have a A Xo~^ > 0 and rAXo ^ > 0, 
so we can write 

/ a AXo“^ = >^ [ T AXo"\ 

Jx Jx 

where A > 0. Then f^(a — Xt)A fj = 0 for aHfj G H and also for all ip which 
are multiples of xo- Brit H and xo together span the whole space of dd- 
closed real (re— 1, re — I) forms (since FI is a hyperplane in here, and xo ^ H), 
and so we conclude that J^{a — Xt)AiP = 0 for all (99-closed real (re —1, re —1) 
forms. By duality we have that a — Xt = y/—lddip for some distribution if, 
and this again proves what we want (with T = a — x'—lddip). □ 

We can now give the proof of Theorem ll.il We will follow closely Popovici 
[37], the only improvement being that we make the arguments effective and 
obtain explicit constants. 

Proof of Theorem \1.1[ By assumption, for every e > 0 there are functions 
fe and Qe such that 

:= a + £uj + y/^ddfs >0, := /? + ew + V^dOg^ > 0, 
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and note that [a^ — /^e] = [a — /?]. Clearly there exists eo > 0 such that for 
all 0 ^ e < eo we have 


lx 


[ 

Jx 


A > 0. 


From now on fix any 0 < e < Eq, and let <5 = (Jg > 0 be given by 

fx^e-n fx A Pe 


6 = 


L 


O'” 

JA “e 


If we can show that given any Gauduchon metric y on X we have 


(2.2) f («£ - /Is) A x'" ^ = [ (a - /I) A x” ^ A x” S 

Jx Jx Jx 

then Lamari’s Lemma l2 .1 1 would give us a Kahler current G [a — /3] with 
Ts ^ da^. It follows that 


T > 

■‘-s^ac ^ 


fx^e-n J: 


X^e 


/\Pe 


fx “e 


-a. 


and raising this to the power n and integrating over X we obtain 


Vol(a 




ifx^e-nf: 


X «r' 


A/3.)’ 


(/x«s) 


n—1 


and letting e ^ 0 we obtain (11.21) . To get p.3l) . we just use the elementary 
inequality (1 — nx)"' ^ 1 — nPx, for 0 ^ x < 1/n. 

It remains therefore to show (j2.2l) . which is equivalent to 


(1-6) [ a.Ax"-'^ [ PeAx^-\ 
Jx Jx 

or, substituting the value of 5, 


{L {L if “?) if A A x”-‘). 

This follows from the following general fact, observed by Popovici [37j, which 
completes the proof of Theorem II.II □ 


Lemma 2.2 (Popovici |37j). Given X compact Kahler n-manifold with two 
Kahler metries a, P a Gauduchon metric x, we have 



This inequality is sharp, as simple examples on the torus show. 


Proof of LemmalMfM Use Yau’s theorem [48] to solve the complex Monge- 
Ampere equation 

{a + V-Xddu)'^ = f „ ^ ^ a := a + V^Xddu > 0, 

V Jx P ^ / 
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where m is a smooth function. Using the Monge-Ampere equation, we have 
that 



and dividing out and squaring, we get 



Now we have the elementary inequality tr^/3 ^ (tr^Q;)(tra/3), and so 

/u” * 7 (/, ^ {L 

< i (X(tu«)v) (/^. ^ A V-‘) ^ 

= "(//'' (X “ (X ■ 

thanks to Cauchy-Schwarz, and we are done. □ 


Let us also observe the following consequence of the proof of Theorem 

o 


Theorem 2.3. Let {X^,uj) be a compact Kdhler manifold, a a closed real 
(1,1) form whose cohomology class [a] is nef with > 0- Then there 

exists a closed positive current T E [a] with 




L 


X 


a 


nfxa 


.71—1 


- CO. 

A oj 


The same result holds if X is still Kdhler but we replace to with j3, a closed 
semipositive real (1,1) form with fj^ /I” > 0. 


Note that the denominator does not vanish thanks to the Khovanskii- 
Teissier convexity inequality (see m Proposition 5.2]) 


L 


a"' ^ /\uj ^ 



> 0 . 


Proof. It is enough to prove the more general statement with /3 semipositive 
with positive volume. Replacing [a] by [a + £uj],e > 0, and /3 by /? + ecu, 
and then taking e —0, we are reduced to the case when [a] is a Kahler and 
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/3 is a Kahler form. Thanks to Lamari’s Lemma l2.11 all we need to show is 
that for any Gauduchon metric y on X we have 


L' 


a A ^ ^ 




/3Ax' 


n—1 


™ Ix A ^ ' 

and this is precisely the inequality proved in Lemma 12.21 


□ 


As a corollary, we prove the following theorem of Boucksom [3l Theorem 
4.7]. The proof is the same as Boucksom’s, except that we replace the 
complicated mass concentration arguments there (which are generalizations 
of the ones in m) with the simpler Theorem 12.31 

Theorem 2.4. Let he a compact Kahler manifold, and a a closed 

real (1,1) form. Then the class [a] is big iffYol{a) > 0. 

Proof. If [a] is big then it contains a Kahler current T ^ eu for some e > 0. 
Then Tac ^ as well, and so 

Vol(a) ^ [ {TacT > e" / 

Jx Jx 

Assume conversely that Vol(a) > 0, so by definition there is a closed positive 
current S in the class [a] with 

f (s.o)" = AM > 0, 

Jx ^ 

Applying Demailly’s regularization (see m or [3l Theorem 2.4]) to S we 
obtain closed positive currents Tk G [a] with analytic singularities, with 
Tk ^ £k -A 0, and with {Tjfjac -A Sac a-e. as fe —oo. Thanks to 

Fatou’s lemma, 

liminf [ {{Tk + £kU})acT > [ {SacT, 

Jx Jx 

and so for all k large we have 


Tk ^ -efcW, f {{Tk + £kui)ac)"' ^ r]>0, 

Jx 

for some rj > 0. Let p.k • —)• A" be a resolution of the singularities of Tk, 

so that Hk is a composition of blowups with smooth centers (and so Xk is 
Kahler) and we have 

h'k'^k = + [Ek]j 

where 6k is a smooth closed real (1,1) form with 6k ^ and Ek is 

an effective M-divisor. We have 

[ {{Tk ^k^)ac)'^ = [ {{l^kTk + ^khk^)ac)'^ = [ {6k + ^khk^)^ ^ V P 
Jx JXk JXk 
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and so the nef class \9k + on satisfies the hypotheses of Theorem 

EH where we take f3 = We obtain a closed positive current on 
in the class [Ok + satisfying 

j, . /xfc ^ 

As remarked above we have Jxf,i^k + ^ > 0, and we also have 



lx 


{{Tk + £k^)ac)'^ Aw, 


which is bounded above independent of k (see [3l Proposition 2.6]). It follows 
that there is a constant r]' > 0 such that for all k large we have 


rri \ / * 

Tk^rj 


and so for k large we obtain 

7]' 

{k'k)*(Tk [A'fc]) ^ 

which is a Kahler current in the class [a]. □ 


Let now X be a compact complex manifold and [a] a big class, i.e. it 
contains a Kahler current. By Demailly’s regularization HD the class [a] 
contains a Kahler current with analytic singularities, and therefore if we 
define the non-Kahler locus EnK{o<) to be the intersection of the singular 
loci of all Kahler currents with analytic singularities in the class [a] then we 
see that EnK{oi) is a proper analytic subvariety of X. If the class [a] is not 
big, then we just set EnK{oi) = X. 

The main theorem of m , which reproves and generalizes algebro-geometric 
results by Nakamaye |32] and Ein-Lazarsfeld-Mustata-Nakamaye-Popa |18j . 
then can be stated as follows: 


Theorem 2.5 (Collins-Tosatti [10]). Let X be a compact complex manifold 
and a a closed real (1,1) form whose cohomology class [a] is nef and big. 
Then we have 

EnK{a) = \J V, 

adim V =0 

where the union is over all irreducible analytic subvarieties V C X with 

The set on the right hand side is called the null locus of the class [a]. 
Note that the existence of a big class on X implies that X is in Fujiki’s 
class C (i.e. bimeromorphic to a compact Kahler manifold), thanks to |161 
Theorem 3.4], and so this theorem follows from [101 Theorem 1.1]. The 
proof in m uses the mass concentration technique of m, but this can now 
be replaced by Theorem 12.31 and therefore the proof of Theorem 12.51 can be 
made independent of the main results of [16] . 
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As an application, we discuss the following Nakai-Moishezon criterion for 
Kahler manifolds due to Demailly-Paun m-- 

Theorem 2.6. Let he a compact Kahler manifold, and a a closed 

real (1,1) form whose cohomology class [a] is nef. Then [a] is a Kahler class 
*if > 0 for all irreducible analytic subvarieties V C X. 

Proof. Clearly if [a] is Kahler then > 0 for all such V. For the 

other implication, taking V = X we see that a” > 0, and so Theorem l2.3l 
implies that the class [a] is big, i.e. it contains a Kahler current. Applying 
Theorem 12.51 we obtain 

EnK{a) = \J V, 

Jy adim V =0 

and by assumption we have that the null locus of [a] is empty, and therefore 
so is EnK{(y). But Boucksom [H Theorem 3.17] observed that we can find a 
Kahler current T with analytic singularities in the class [a] which is singular 
precisely along and so the Kahler current T is in fact a smooth 

Kahler metric. □ 

We also give an application of Theorem 12.51 to Seshadri constants. These 
were introduced by Demailly [12j as a way to measure local positivity prop¬ 
erties of line bundles, and we refer the reader to UniEn] for more properties 
of these invariants. 

Let A be a compact Kahler manifold and a a closed real (1,1) form whose 
cohomology class [a] is nef. Given any x £ X we let the Seshadri constant 
of a at X be 

e{a,x) = sup{A ^ 0 | 7r*[Q!] — X[E] nef}, 

where tt : A —?■ A is the blowup of A at x, and E is the exceptional divisor. 

It is easy to see that e(-,x) is continuous on the nef cone. 

The following result is an application of Theorem 12.5t 

Theorem 2.7. Let X be a compact Kahler manifold, a a closed real (1,1) 
form whose cohomology class [a] is nef, and x be a point in X. Then 

e{a,x)=0 x G EnKioi). 

Proof. If X G EnKict) then by Theorem l2.5l there is an irreducible fc-dimensional 
analytic subvariety V which passes through x and with 



If V denotes the proper transform of V under vr, then for any A > 0 we have 

[ {Tr*a - A[K])^ = (-l)^A^ f [Ef = -A^mult^K < 0, 

Jv Jv 

where the last equality is m Lemma 5.1.10], and so 7r*[a] — A[K] is not nef, 
thus showing that e(a, x) = 0. 
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On the other hand if x 0 EnK{oi) then there is a Kahler current T G [ot\ 
with analytic singularities which is smooth near x, and satisfies T = a + 
y/^^dd'4) ^ j3uj on X for some /? > 0. Also, since [a] is nef, for every e > 0 
there is a smooth function such that a + y/—lddp^ ^ —eu on X. Now 
since [E\\e = 0£pn-i(— 1 ), there is a smooth closed real (1,1) form p on X 
which is cohomologous to [E], is supported on a neighborhood U of E, and 
such that Tr*uj — pp is a Kahler metric on X for some small 7 > 0 (see e.g. 
m Lemma 3.5]). If max denotes a regularized maximum function (see |15l 
1.5.18]), then for every e > 0 we can choose a large constant > 0 such 
that 

Pe := rnax(pe - Cs,'4’), 

is a smooth function on X which agrees with i/; in a neighborhood of x which 
contains We have a + ^/^^^/5£ ^ —ecu on X and a + \/—lddps ^ f3uj 

on 'k{U). Therefore on U we have 

7r*a — fipp + yf—ldd{Tr*p^) > 0, 
while on A \ 17 we have 

7r*a — Ppp + y/—ldd{TT*p^) = 7r*a + y/—ldd{TT*p^) ^ ^ —Ceuj, 

where w is a fixed Kahler metric on A, with tt*oj ^ Cuj. This shows that 
'K*[a\ — fip[E] is nef, and so e(a,x) ^ 7 /? > 0. □ 


In fact, we can sharpen this result further. The following is the analog of 
[29] Proposition 5.1.9] in our transcendental situation. 


Theorem 2.8. With the same assumptions as in Theorem \2.7\ we have 
(2.3) 


eia, x) = inf 

V3X 


fv 


dim V \ dim V 


multrK 


where the infimum is over all irreducible analytic subvarieties V containing 
X. In particular, e(a,x) ^ Vol(a)». Lastly, if [a] is Kahler then the infimum 
in (ESI) is actually a minimum. 


Proof. Let V be any irreducible subvariety through x, let V be the proper 
transform of V, and let k = dimK. If 7r*[Q!] — A[Li] is nef then 

[{7r*a - X[E])'^ = [ + (-l)^A^ [_[Ef = [ - A^mult,,K. 

Jv Jv Jv Jv 


This proves that 
(2.4) 


e(a, x) ^ inf 

V3x 




V 


a 


dim V \ dim V 


multrK 


for all nef classes [a]. Next, we show that (12.31) holds when [a] is Kahler. 
In this case we have e{a,x) > 0 and the class 7 r*[a] — e{a,x)[E] is nef but 
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not Kahler, so by Theorem 12.61 there is an irreducible analytic subvariety 
V C X with 

(2.5) 0= [{Tr*a-e{a,x)[E])^. 

Jv 

If V were disjoint from E then V = vr(y) would be an irreducible k- 
dimensional subvariety of X and we would have 


0 = 




a 


a contradiction since [a] is Kahler. 

If we had V G E then we would have — [K]|y = 0|^pn-i(l)|y which is 
ample, and so 

0 = e{a,x)’^ [{-[E])’^ >0, 

Jv 

a contradiction. 

Therefore we must have that V intersects E but is not contained in it, and 
so K = 7r(K) is an irreducible fc-dimensional subvariety of X which passes 
through X and (j2.5[) gives 


e{a, x) 


multa;K j ’ 


which together with (12.41) proves (12.31) when [a] is Kahler, with the infimum 
being in fact a minimum. 

Next, for a general nef class [a] and any x G JT, the class [a + eoj] is Kahler 
for every e > 0. Using the continuity of the Seshadri constants, together 
with (12.3p for Kahler classes, we obtain 


e(a, x) = lim e(a + ew, x) = lim min 

eto eto VBx 


/v(« 


• eu) 


\dim V \ dim V 


multrU 


^ inf 
V^x 


7i 


V 


a 


dim V \ dim V 


multrU 


which combined with (12.41) proved (12.31) . Lastly, the bound e(a, x) ^ Vol(a)« 
follows from Corollary 11.21 □ 


3. The non-Kahler case 

In this section we consider the general case of compact complex manifolds 
which are not assumed to be Kahler. 

In his seminal paper m, Demailly used a mass concentration technique 
for a degenerating family of complex Monge-Ampere equations to produce 
a-plurisubharmonic functions in a nef and big class [a] (on a compact Kahler 
manifold) which have nontrivial belong numbers (i.e. logarithmic poles sin¬ 
gularities) at finitely many given points. The precise statement that he 
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proved is exactly the same as our Theorem 11.31 but with the additional as¬ 
sumption that X be Kahler. This was later extended by Weinkove and the 
author [43] to certain non-Kahler manifolds. More precisely, we proved the 
statement in Theorem [la replacing the assumption that [a] is big with 
the weaker assumption that > 0 , but we also had to assume that 

either re ^ 3 or that X is Moishezon and the class [a] is rational. More 
recently Nguyen [33] proved Theorem 11.31 assuming that a” > 0 and a is 
semipositive definite (which is in general stronger than assuming that [a] is 
nef). 

Our new observation is that if we assume that [a] is big then a weak 
transcendental Morse inequality of Demailly m Theorem 1.18(a)] can be 
brought to bear. More precisely, we use the following result, which is remi- 
nescent of Y.T. Siu’s “calculus inequalities” [38], and which relies crucially 
on the regularity results for envelopes proved in [T]. 

Theorem 3.1 (Demailly [H]). Let X he a compact complex n-manifold with 
a closed real (1, l)-form a such that its class [a] E i7gg(X, M) which is nef 
and big, and let ft = a + y/—lddf he any smooth representative of [a]. Then 

f 

X JX(Pfl) 

where X(/3,0) is the subset of X where ft is semipositive definite. 

Proof. Since [a] is big, we have that the manifold X is in class C, by m 
Theorem 3.4], and so there is a modification pL : X ^ X with X a compact 
Kahler manifold. If T is a Kahler current on X in the class [a], then as 
in US Lemma 3.5] we have that pLT + yj—lddh is a Kahler current on X 
in the class [fi*a\ for a suitable function h (singular only along Exc(/r)). 
The class [/r*a] is therefore nef and big, hence 

0 < Xofipd^a) = [ (/r*a)" = [ a”, 

Jx Jx 

by Corollary 11.21 Then [141 Theorem 1.18(a)] gives 
Vol(;U*a) ^ inf / 7 ” ^ 

7G[/i*a] Jx(7,0) JxiPfi) 

where the infimum is over all smooth closed real ( 1 , 1 ) forms 7 in the class 
[/i*a], and the last inequality follows by taking 7 = fj.*ft. □ 

Remark 3.2. It is a very interesting problem to show that Theorem 13.11 
remains true if only assume that [a] is nef and d^ > 0. This is certainly 
expected to be true, thanks to Conjecture 13.41 below, and conversely solving 
this problem would be helpful to attack this conjecture. 

Proof of Theorem I j.,'4 We follow the arguments of Demailly [131 Section 6 ] 
in the Kahler case, which were extended in [43] to the non-Kahler case 
(under extra hypotheses). We will be brief wherever the arguments are the 
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same as in [13], and we just will explain in detail the new ingredients needed 
here. 

As in nails] for each j = 1 ,..., and each e > 0 we construct a smooth 
nonnegative (n, n)-form 7 ^^ on X with 7 ^^ = 1 and 7 ”^ ^ 5xj as e ^ 0. 
Since [a] is nef, for every small e > 0 we can find a smooth function such 
that a + £ 0 J + ^/—Iddtps > 0; where cu is a fixed Hermitian metric on X. 
Choose also (5 > 0 small enough so that 

N 




Using the solution of the complex Monge-Ampere equation on compact Her¬ 
mitian manifolds m, for every small e > 0 we obtain a smooth function 
and a constant such that 

{a + £UJ + V^ddi'lpe + (/Je))” = Ce ^ > 

with 

a + £0J + y/^Xdd{'4)e + Pe) > 0, sup(V'£ + Pe) = 0. 

A 

If we can show that 

C'e ^ 1, 

then the rest of the proof follows exactly as in |l3]. To see this, let (3 = 
a -|- y/—ldd{'il)e Pe)^ which is a smooth representative of [a]. Thanks to 
Theorem [3Tl we have 


/ a"' ^ / (a + ^rxdd{il:e + Pe)y 
Jx JX{/3fi) 




'X(fifl) 


[a + £uj + y/^dd{'4)e + Pe))' 




a 


□ 


as required. 

Remark 3.3. More generally, the same argument shows that if, in the same 
setup as above, we solve the complex Monge-Ampere equations 

(a -|- £UJ y/ — ldd{'ljj£ Pe)) — 
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with 

a + euj + ^r^dd{lpe + ^e)>^, SUp(V'£ + = 0, 

A 

where for every e > 0, Og is a smooth positive volume form with Og = 1, 
then we have 



Next, we consider a well-known conjecture of Demailly-Paun |16j : 

Conjecture 3.4 (Demailly-Paun [E]). Let X be a compact complex n-fold 
and a a closed real (1,1) form such that its class [a] G is nef 

and > 0. Then [a] is big. 

When X is Kahler, this was proved in m using the mass concentration 
technique. Note that this is now a direct consequence of Theorem 12.31 
When n = 2 the manifold X as in Conjecture 13.41 is necessarily Kahler 
(see e.g. [43l p.4005]), and so the conjecture holds. Very recently, Chiose [8] 
has proved the following special case of this conjecture: 

Theorem 3.5 (Chiose [8]). Conjecture \3.f\ holds if X admits a Hermitian 
metric w with ddui = 0 = dd{u;‘^). 

We now give a proof of this result using the method of Popovici [37] . 

Proof. By assumption, for every e > 0 there is a smooth function such 
that 

as '.= a + eoj + > 0. 

If we can show that there exist e, 5 > 0 such that for every Gauduchon 
metric y; on V we have 

(3.1) [ Oe A ^ e(l -k 5) / a;Ax”"\ 

Jx Jx 

then Lamari’s Lemma o would give us a distribution (p such that 

Oe -t- '/^dd(p ^ e(l -|- (5)a;, 

and so 

a + + if) ^ Seoj, 

and we would be done. To prove (13.11) . given any e > 0 and x as above we 
solve the complex Monge-Ampere equation m 

(I A ^ 

(«£ -F y/^ddpeT = ;—iTT’ + V^ddip^ > 0, 

JxUjA x”-i 

where ps is a smooth function and bg G M. We have 
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and dividing out and squaring 




1 


= n 




n—l 


-1 


n yjx \x 

^ - ( / (tra,a;)a 

n \Jx 


-trfi^w) (tr^a£)2x 


cj Ax' 


n—l 


fX 


n 

e I I 


(trxde)x' 


UJ Ax 


n—l 


'X 


-1 


-1 


ca A d. 


n—l 


'X 


as Ax 


n—l 


IX 


UJ Ax 


n—l 


IX 


i.e. 


fxaeAx^ 1 




Ix “s 


^ nef^uj A Os ^ 

Therefore to prove m it is enough to show that there exist e, 6' > 0, 
independent of x, such that 


(3.2) 


ne f w A d” ^ < (1 — <5') / d" 
Jx Jx 


We now use the assumption that dduj = 0 = dd{uj‘^). An elementary cal¬ 
culation shows that this implies that dd{uj^) = 0 for all 1 ^ A: ^ n — 1. 
Therefore for all 1 ^ A: ^ n we have 


[ d^Au;"-^= [ a^Aw"-^ 

Jx Jx 


and (13.2p reduces to proving 


ne f UJ A ^ ^ (1 — 5') f a"', 
Jx Jx 


which is obvious when we take e small enough. 


□ 


As this proof shows, to solve Conjecture 13.41 in general, it would suffice 
to show that ()3.2I) holds. This seems very hard to prove, without assuming 
that dduj = 0 = dd^uJ^). However, when n = 3, the weaker inequality 

(3.3) 3e / a; A dg < / d^, 

Jx Jx 

holds in general, as long as e is small enough (independent of x), and pro¬ 
vided we choose uj Gauduchon. In other words, we can prove (13.211 . but the 
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constant 5' may depend on y. Indeed, if we set := 'tpe + and expand 

I 


3e / w A = 3e 

lx 


= 3e 

using that uj is Gauduchon, while 


I w A (a + V^ddue)"^ + 6e^ / A (a + 

Jx Jx 

3^3 [ 

Jx 

/ w A (a + + 6e^ / A a + i 

Jx Jx 


3e'^ / w" 
Jx 


/ dg = / (a + + 3e / (a + A a; 

Jx Jx Jx 

+ 3e^ / (a + A j 

Jx Jx 

= a^ + 3e {a + y/^ddus)'^ A UJ + / a A o;^ + 

ix Jx Jx Jx 


and so 

/ dp — 3e / (J A dp = / — 3e^ / a A — 2e^ / > 0, 

Jx Jx Jx Jx Jx 

as long as e is small enough, which proves (|3.3p . 

Note that to promote this to (j3.2p . it would be enough to show that 
dp ^ C, independent of e, or equivalently e dp A cj ^ C. 

Furthermore, these calculations also show that when n = 3 Conjecture 
El holds if we just assume that dduj = 0, a fact which was observed by 
Chiose [H]. 

Lastly, we mention that very recently Nguyen [33] has proved Conjecture 
El assuming that the form a is semipositive definite, and that there exists 
a Hermitian metric uj with dduj = 0. 
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